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The thixotropic behavior is discussed on the basis of the thermodynamics of irreversible

Processes.

The fundamental equations are given for the thixotropic fluids by accepting the

concept that the internal structure of the system is destroyed by the applied forces, and the general
phenomenological equations are written for all the processes occurring in this system. The process
by which the thixotropic recovery takes place is non-stationary. A method of specifying this process
is proposed by introducing the concept of a fictitious pressure tensor; the data on a rubber latex
suspension given by Mooney is analyzed by this method.

The isothermal process by which a system is
softened by the disturbance of external forces
and is hardened to the original state on settling
is called thixotropy. This process is observed
under appropriate conditions in the mechanical
behavior of bodies showing the so-called structural
viscosity. The thixotropy and the structural

viscosity have been treated by many researchers
since Freundlich!?; it has been revealed that
they are caused as a result of the breakdown and
recovery of the internal structure of the system.

1) H. Freundlich and H. L. Loder, Trans. Faraday
Soc., 34, 308 (1938).
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In special cases, such as a suspension of rod-like
particles, a detailed mechanism has been proposed
for the behavior of anomalous viscosity under
advanced treatment.?>? However, no general
theoretical work is yet available, probably because
the varieties and complexity are involved in terms
of the internal structure.

Recently, a fundamental approach to the
rheological behavior has been wundertaken by
Meixner® and by Kluitenberg®> on the basis of
the thermodynamics of irreversible processes.
This treatment is phenomenological; for this
reason, it is excellent, for it does not require detailed
information on the internal structure. The
latter author considered the thixotropic behavior
to be a higher-order effect, introducing an internal
degree of freedom, in his general theory of rheologi-
cal processes. The purpose of this paper is to
extend this approach and to interpret the thixotropy
in terms of the general principles of thermodynamics.

General Equations of Thixotropic Fluids.—
The viscous processes of isotropic fluids are
described, on the basis of the thermodynamics
of irreversible processes,®> as follows. The Gibbs’
equation reads;

ds_ du
de T dt
where s is the specific entropy; u, the specific in-
ternal energy; v, the specific volume; T, the absolute
temperature; f, the time; P33, the equilibrium
stress tensor, and &,;3, the total strain tensor.
This is the equation that is applied to the Voigt
model, i.e., the bodies having a parallel visco-
elasticity; the fluid is one of special cases, as
Kluitenberg has pointed out.®
It is assumed that the total pressure causes
both the flow of the fluids and the destruction of
the internal structure; that is,

Pa,i"-Pdef f Pdcs (2)

d5a3
= dt

+e E (1)

a,f=1

Then, the balance equation for the total energy
reads;
du _
e
. 3 deos 3 dé
— _ def —~a@f des_—%
divgi - 33 PG 2P O

where p is the density (the reciprocal of the
specific volume); Ju, the heat flow, and &, the
degree of internal structure (a measure of the
internal structure). The last term on the right-

2) N. A. Scheraga, J. Chem. Phys., 23, 1526 (1955).

3) J. Meixner, Z. Naturforschg., 4a, 594 (1949);
9a 654 ( 1954)

Klultenbcrg, Physica, 28, 217, 561, 1173

(1952), 29 633 (196

5) S. R. de Groot and P. Mazur, “Non-equilibrium
Thermodynamics,” North-Holland Publ. Co., Am-
sterdam (1962).
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hand side of the equation represents the change
in the internal structure of the fluid caused by
the forces; it may be omitted in the case of the
simple fluid with no structural viscosity, as
Kluitenberg did.

The stress tensor for deformation, PXf, is
divided into two parts, the equilibrium stress
tensor and the viscous stress tensor,

Py =P3+Py 4

The equation for the entropy balance is derived
from Egs. 1, 3 and 4 as follows:

dJ 1 5 8
T —div J*+a (5)
where:
Je=JyT (6)
g% =

1 degs

RYSRAL
( S grad T—33 P el

desd_s
T —2Pe di )

(7
The former is the entropy flow, and the latter
is the irreversible production of entropy, which
consists of three terms, the heat flow, the viscous
flow and the rate of the breakdown of the internal
structure.
The stress and the strain tensors are divided
into a tangential part and a normal part as:

Poy = Pos + Py (8)
Py = P 4 P'a; )
€ap = €ap + €0ap (10)

where 8,5 is Kronecker’s symbol and P, P¥ and
e are traces of the corresponding tensors, It

must be noticed that the tensors, P,s, P.; and
€45, and also f’,,la, I-":g and ¢, «5 are all symmetrical.
The same division is applied to the stress tensor
for destruction. We set the trace of this tensor,
Ples| a5 equal to zero. This implies that only
the tangential force breaks down the internal
structure of the system.

Under these procedures, Eq. 7 is rewritten as:

Je s degs de
P . _ v . . Pv___
os (— grad T—3] P; ar 3 at

des_— 3 de
~S P (11)
In this equation, the viscous flow term of Eq. 7
is separated into the shearing viscous and the
volumetric viscous term. From this formulation
of the entropy production, the following pheno-
menological equations are derived:

Ji=—2grad T (12)

Py, = —nde,g/dt (13)
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(14)
(15)

PY = —ypvde/dt
Piss = L dg/dt

The first is the equation of the heat conduction,
and the last, that of the breakdown and recovery
of the internal structure.

When the fluid is not elastic on the shearing
deformation, the equilibrium pressure tensor does
not have non-diagonal components and the trace
of this tensor, Pe1, is dependent on the volume
(therefore, the trace of the total strain tensor, &)
and the temperature. Therefore, the linearized
equation is assumed:

Pea = be + ¢(T—Ty) (16)
where b and ¢ are phenomenological constants
and T, is the reference temperature. Using

these relations, the phenomenological equations,
13 and 14, may be rewritten as:

P,s = —yde,s/dt (17)
de
P=be—p—g -+ o(T—Ty) (18)

The equation of entropy production is, by the
use of these linearized phenomenological equations:

oo = 1{ (gradT)2+:;2(d‘“’)

o dey (ﬁ)*}
+3;;(dt)+!:2 57

The phenomenological coefficients defined in the
phenomenological equations are positive, as the
second principle of thermodynamics requires.
A is the coefficient of thermal conduction, 7 is
thé shearing viscosity, b is the volumetric elasticity
and 7" is the volumetric viscosity; all are conven-
tional terms. These coefficients depend on the

(19)

state variables, ﬁag, T and &.

The structural viscosity and the thixotropy may
be understood on the basis of the above formulation.
In the first place, the apparent viscosity, 5', which
is measured experimentally, is defined as:

Poy=PYt+ Pl = —p =22
This quantity is expressed from Egs. 15, 17 and 20 as:

7= e

It should be noted that the ordinary viscosity, 7,

(20)

1)

is not dependent on the rate of shear, dst,ﬂdt,
but is dependent on T and & These formulations
explain most of the viscous behavior of the fluids
with internal structures.

When the internal structure is built up by de-

formation, i. e., (d6/de, ;) >0, the fluid exhibits the
non-Newtonian viscosity of shear-rate hardening,
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i.e., 3'>7. On the contrary, when the internal
structure is broken down by deformation, i.e.,

(d& fd;,, 5) <0, the fluid exhibits the non-Newtonian
viscosity of shear-rate softening, i. e., 7' <7. When

ﬁﬂ;, therefore :,,_:, is very high, the internal
structure of the fluids is broken down completely;
then

(dé/de,s) g — 0, 7'=7 (22)

and the apparent viscosity becomes identical with
the ordinary viscosity.

It should be noted that we have been considering
the case in which the time-scale of the rate of
change in the internal structure is sufficiently small
compared to that of observation.

When the rate of change in the internal structure
is comparable to or higher than the time-scale of
observation, we observe a time-dependent behavior.
This is the case when the thixotropic behavior
takes place.

The Characterization of Thixotropic Fluids.
—The simplest behavior of thixotropy is observed
when the internal structure is destroyed instan-
taneously when force is applied, followed by sta-
tionary deformation and recovery, but the recovery
of the structure into the stationary state is so slow
sufficiently as not to be detected experimentally.
This behavior is represented schematically in Fig. 1.
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Fig. 1. A schematic plot of a simplest " thixotro-
pic behavior.

The up-curve of this figure is in the stationary state.

The state variables of this fluid are P, g, T and &,
and the following condition is required for the
affinity of the change in the internal structure in
the stationary thixotropic state from the theorem
of minimum entropy production;®

d=~, =
EPE?(PME, T, §)=0 (23)

By this equation the degree of internal freedom,

&, is determined uniquely by 13¢3 and T.
From this consideration, it is clear that the state

I. Prigogine, “In:roduct.lon to Thermodynamics
of Irreverslb rocesses,” 2nd. Ed., Interscience Pub-
lishers, New York (1961).
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of the up-curve in Fig. 1 is stationary and that it
is specified with the two variables of the three state

variables, ;’,p, T and §&. On the other hand, the
state of the down-curve of Fig. 1 is not stationary.
Since Eq. 23 does not hold in a non-stationary
state, this state is specified by all three variables.
That is, in the above case, the up-curve state is
in (P,s, T, &3,) and the down-curve state is in

(ﬁa,g, T, E;ﬂ;ﬂr), where ﬁg“ is the maximum

stress applied to the system.

However, no information is available on the
degree of internal freedom in general. In order
to overcome this difficulties, let us introduce the

fictitious pressure tensor, ﬁf}gi the fictitious pressure
tensor is defined as the pressure tensor at which
the non-stationary state of interest becomes the
corresponding stationary one; i. e,

d ~ ~

f - —

25 (Pl T 65) =0 (24)
By this relation the fictitious pressure is a function
of T and £, and the non-stationary state is specified

by the two variables, ﬁﬂg and F.Eg' In the above

case, the fictitious pressure is ﬁ;’;‘“.

The non-stationary state approaches the stationary
one with the lapse of time. At the stationary state,
only the flow conjugated with the forces fixed
externally remains at a constant value; the other
flows wvanish, resulting their conjugated forces
attaining constant values.®> If the total force is
fixed and the stationary viscous flow is established
instantaneously, the system is non-stationary,
as with the change in the internal structure. The
entropy production of this non-stationary irreversible
process is expressed as;

~ s A€
055=P2§S-c—lr
When the system is near to the stationary state,
the following linear equation is assumed;

(25)

-~ -~ aﬁdes
PP 7,6) = =658 ) s

- - af:;des
= (P.s—P! ( _af 26
(Pap—Ps) op., )T’e (26)

where £ is the fictitious degree of internal structure,
which is defined by the same consideration as the
fictitious pressure tensor. Moreover, the signs of

the quantities, (aﬁg;ﬂa&)sd, rand (afgg"faﬁ,, e, es
may be determined by simple consideration as
follows:

5P aes o Pdes
af . . <0, ( ...“'E ) 0
( o )Pa.i'r< AP, T.€<

From Egs. 25 and 26;

27

Manabu SEND

[Vol. 39, No. 7

s, )

and, using the equation of total differential;

(28)

aPs _
ot

aPis\  dPf, ( 9Pt ) d¢
L/ a, — T8 — =0 29
(aﬁaﬁ )r,g dt \0€ JP.pdt &)

the equation

LS L 4 Y e N e
dt aPa.B T,8 a& Pa‘e'r dt
is derived. Equation 28 then becomes
s = QP des dPt
—pf — af Yo af
Far=Pay {c/( a2 Jr ot O

By the integration of this equation, the final ex-
pression is obtained; that is;

Pop—PL, = (Pos—P) exp (—1fz) (32)
where the positive coefficient, 7, is defined as;

aPpaes
0 -—C/(—a—gi-);d_?

and F:g is the initial value of the fictitious pressure
As Eq. 32 predicts, the fictitious pressure,

(33)

tensor.

F’ﬁs, approaches the real pressure, P,s, with the
lapse of time. This is a process of the thixotropic
recovery.

When the thixotropic recovery takes place and
its relaxation time is larger than the time-scale of
observation, a complicated behavior is observed,
as we see in most of the colloidal suspensions.
The above-described treatment can be applied to
the interpretation of this behavior. For instance,
if the stationary up-curve is obtained with the slow
observation and if the measurement at the point A
of Fig. 2 is made over the time-interval, ¢, in
order to obtain the down-curve, the fictitious

pressure changes from the initial value, P™%, to:
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Fig. 2. Analysis of a flow curve of the thixotro-
pic fluid.
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Bry=Pus— (Bus—Prosyexp (—difr)  (31)

after the lapse of time 4t. Points A, B, B' and C
«of this figure are specified by:

= d Ddes ( D
Point A: apa,a (Pa.h T’ 5;:30;):"—'03

. d - 5
Point B, an;’(Paa, T, E;:#]“:Us

H U d Ddes [ D
Point B', —cﬂPWE(P;” T, E;;&):O, and
Poi d PDdes; p

omt C, _‘Puﬁ (Paﬁy T, f; ):0

dt af

‘That is to say, Point B, which is measured by the
experimental procedure, can be predicted by the

fact that Point B' is at the fictitious pressure, P,
on the stationary up-curve and that Point B is at

the pressure, P,:, on the straight line, OB'.
If the recovery of the thixotropic structure is

very fast and if the pressure is lower than P,;

before the measurement at ;5,,3, the apparent nega-
tive thixotropy may be observed. The real negative
thixotropy can, however, be observed only when

(35,"3132;5)1->0. To this case the above treatment
can be applied also. More generally, there may
happen this behavior in case where the rate process
occurs by the procedure of the up-curve measure-
ment. The above treatment may easily be ex-
tended for such a case.

An Analysis of the Experimental Results
and Discussion—Many efforts have been made by
many researchers to elucidate thixotropic behavior.
Although concrete discussions have been given for the
mechanism of the thixotropic breakdown and recov-
ery in some cases, a full quantitative description has
not yet been successful. Of the researchers, Green
and Weltmann made the most extensive study.”»®
‘They proposed the hysteresis curve method for the
.characterization of thixotropic behaviors. However
their experimental parameter is selected arbitrarily,
and the comparison of the thixotropic behaviors
of various samples is possible only under limited
.conditions; that is, their work is principally prac-
tical. In order to get a better description, Mooney,?
Alfrey and Rodewald,!® and Rehbinder!!> under-
took to record the time-dependent shear-rate at
a fixed shearing stress in order to characterize the
thixotropic behaviors. By these studies, the thixo-

7) R. N. Weltmann, J. Appl. Phys., 14, 343 (1943);
H. Green and R. N. Weltmann, ibid., 15, 414 (1944);
Ind. Eng. Chem., Anal. Ed., 15, 201 (1943); 18, 167 (1946).

8) H. Green, “Industrial Rheology and Rheological
Structures,” John Wiley & Sons, New York (1949).

9) M. Mooney, J. Colloid Sci., 1, 195 (1946).

10) T. Alfrey, Jr., and C. W. Rodewald, ibid., 4,
283 (1949).

11) P. Rehbinder, Discussions Faraday Soc., 18, 151
(1954).
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tropic behavior is described by well-defined para-
meters, but their work has not had a general basis
for the refined treatment.

The theoretical work described above provides
a plausible basis for these studies. For example,
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Fig. 3. Recovery curves of a suspension of a
compounded rubber latex by Mooney.®
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Fig. 4. The stationary curve of the rate of shear
against the shearing stress of the latex suspen-
sion.
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Fig. 5. Apparent viscosity vs. shearing pressure
curve at the stationary flow.



1406
1
T
o
|
o,
1w
¥l
1.33 267 40 5.33 8.0
P S S AN T T S N |
0 5 10

t, sec.

Fig. 6. Verification of the prediction of Eq. 32
using Mooney’s data.

Mooney’s work may be analyzed by this treatment
as follows. Mooney measured the apparent viscos-
ity of a suspension of a compounded rubber latex,
the internal structure of which had been broken
down completely beforehand, as a function of set-
tling time at fixed shearing stresses; he thus obtained
the results reproduced in Fig. 3. From this data
the stationary shearing stress is drawn against the
rate of shear in Fig. 4, while the apparent viscosity
is replotted in Fig. 5.

When the fluid, the internal structure of which
has been broken down completely, is fixed at a
fixed shearing stress lower than that necessary for
the complete destruction, the system is initially
in the non-stationary state and approaches the
stationary state. This non-stationary state is
specified by the real and the fictitious shearing stress
described in the preceding sections. The fictitious
shearing stress is a function of the time at a constant
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shearing stress and becomes the real shearing stress:
as the time becomes infinite. The fictitious shearing’
stress is determined from the stationary stress vs.
rate of shear curve as a value of the shearing stress.
at the corresponding value of the apparent viscosity
or the rate of shear. The values calculated by this:
procedure are shown on the logarithmic scale against
the time. This curve obeys to the prediction of’
Eq. 32, with the parameter, 7, varying with the
stress; this is reasonable considering its definition
given by Eq. 33.

From this treatment, all the stress vs. rate of shear
curves may be constructed from the stationary curve
and the parameter of the rate process of the thixo-
tropic recovery. Green and Weltmann’s hysteresis
curve is also included in these curves.

In this treatment the fluids are assumed to be-
ideally viscous. Actually, the thixotropic fluids:
have yield values in most cases, as Freundlich first
noted. This fluid may be treated by introducing-
the principle of relaxability in small proposed by
Eckart!® and by Kluitenberg®). However, this
treatment is omitted here, for the extension of the
present treatment to such a substances results in
complicated expressions.

Lastly, it should be noted that the effect of the-
temperature on the thixotropic behavior is significant:
in most cases, as Lower, Walker and Zettlemoyer-
have already pointed out.!® This effect is con-
sidered precisely in such fundamental equations as:
Eq. 19. However, no detailed discussions can
be made here because of the lack of experimental
data.

12) C. Eckart, Phys. Rev., 73, 373 (1948).
13) G. Lower, W. C. Walker and A. C. Zettlemoyer.,
J. Colloid Sci., 8, 116 (1953).




